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1. Introduction. Let A be a x-algebra; i.e., 4 is an algebra over the field of
complex numbers with an involution—that is, a mapping x — x* of 4 onto A
such that (x +y)* =x* + y*, (ex)* =ax*, (xy)* =py*x*, (x*)*=x for all x and y in 4
and complex numbers o. An element x € 4 is said to be selfadjoint if x*=x. If
x € A, then x=x, +ix,, where x;=(x+x*)/2 and x,=(x—x*)/2i. x; and x, are
selfadjoint elements of A and are called the real and imaginary parts of x, respec-
tively. We write x; =Re x and x,=1Im x. If B is a subset of 4 we denote by B* the
set {x* | x € B}. A linear functional f on 4 is said to be positive if f(x*x) 20 for all
x in A. A positive linear functional f on a x-algebra A is said to be real or hermitian
if f(x*)=f(x)~ for all x in A. If f is any positive linear functional on A, then
SOx*Y)=f(y*x)~ and | f(x*y)| £ f(x*x)2f(y*y)*'? (Schwarz’s inequality) for all x
and y in 4. If 4 has an identity e, we can take y=e and obtain f(x*)=f(x)~ and
| f(x)|2 < Mf(x*x), where M =f(e). A positive linear functional which satisfies
these extra conditions (i.e., f'is real and | f(x)|2 < Mf(x*x) for all x in 4, where M
is a constant independent of x) is called extendible for reasons which the following
proposition makes clear:

A necessary and sufficient condition that a positive linear functional f on a
x-algebra 4 without identity can be extended so as to remain positive when an
identity is added to A4 is that f be extendible in the above sense (cf. [8, p. 96],
[9], and [12]).

Let f be a positive linear functional on A. The elements x in 4 such that f(x*x)=0
form a left ideal I, in 4. If x is an element in 4 we denote by x, the coset of
A[I;= H; which contains x and we define by

(xslyp) = f(y*x)

an inner product on H;. Thus H; becomes a pre-Hilbert space. Let H; be the
Hilbert space which is the completion of H;. If x € A we denote by U, the operator
in H, whose domain D(U,)=H; and which maps y, into (xy);. Then U, is a
densely defined operator in H, and U,.< U} (i.e., the adjoint of U, is an extension
of U,.). Hence U,. has a closure [U,.] for every x in 4. Furthermore U,,=U,U,,
U,,=aU,, and U,,,=U,+U, for all x and y in 4 and complex numbers a.
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Clearly, the necessary and sufficient condition that U,, and hence [U,], be a
bounded operator is that there exists a constant M, such that

S(y*x*xy) = M, f(y*y) forall yin 4.

If U, is bounded for every x € A4, then fis said to be unitary (cf. [6] and [8]). If f'is
unitary, then D([U,])=H, for every x € A and x — T, =[U,] is a *-representation
of A by bounded operators on H, and f(xyz*)=(T,y,|z;). A *-homomorphism of
A onto the field C of complex numbers is called a unitary character of A. Thus a
homomorphism x of 4 onto C is a unitary character of 4 if and only if y(x*)=x(x)"~
for all x € A. If A is a commutative *-algebra, we denote by A the set of unitary
characters of A together with the weakest topology such that the mappings
%:x = x(x), x € A, are continuous. Clearly 4 is a Hausdorff space. Suppose now
that f is a unitary positive linear functional on a commutative *-algebra 4. Let R
be the C*-algebra generated by {7,}, x € A. Using the spectral theorem of the
commutative C*-algebra R, R. Godement has obtained the following integral
representation for f, which he has called the Plancherel formula for f:

THEOREM 1 (R. GODEMENT [6, p. 76]). Let f be a positive linear functional on a
commutative x-algebra A. If f is unitary, then there exists a positive Radon measure
uy on a locally compact subset o, of A such that

(a) X(x)=x(x) belongs to L*(u,) for every x € A;

b) fxyz)= L,f x(xyz) du,(x) for all x, y, and z in A.

If, furthermore, f is extendable, then ., is a finite measure and

£69 = [ %09 dis)
for all x in A.

(Godement assumes in his definition of a positive linear functional that the
functional is real. This condition is not necessary, however, for the proof of (b).)

According to R. Godement the extension of Theorem 1 to arbitrary positive
linear functionals is of fundamental importance (cf. loc. cit. p. 78). It follows,
however, from the results of R. B. Zarhina [13] on the two-dimensional moment
problem that Godement’s Plancherel formula is not valid for an arbitrary positive
linear functional on an arbitrary commutative *-algebra. It is not valid, for example,
for every positive linear functional on the x-algebra of polynomials in two variables
(cf. [7, pp. 232-236]). On the other hand there exist positive linear functionals for
which Plancherel’s formula ((b) of Theorem 1) holds, but which are not unitary.
For example, if 4 is the commutative x-algebra of complex polynomials p(z) with
respect to the ordinary operations of addition and multiplication and involution
p*(t)=p(t)” and

@) = [~ poerrar
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for p € A, then f is a positive linear functional on 4 which by definition has an
integral representation of the form (b). But f is not unitary, for otherwise there
exists a constant M such that

fw t22me=ltl gy < Mfw tZre=ltl gy
for all n=0. This inequality is obviously false, for the left-hand side is equal to
2I'(2n+3)=2(2n+2)! and the right-hand side is equal to 2MT'(2n+1)=2M(2n)!

The main purpose of this paper is to extend Theorem 1 to positive linear
functionals which satisfy certain growth conditions, but which are not necessarily
unitary.

We say that a positive linear functional f on a commutative *-algebra A is
quasi-unitary if there exists a subset 4, of 4 such that

(1) > f(Gex*)) 12 = oo for all x € Ao,
n=1

and if for every x € A there exists an element y in the x-algebra A, obtained from
A by adjoining an identity element e (if 4 does not have an identity element)
which is a polynomial with complex coefficients in finitely many elements of
Ao U A¥ such that

2) f(xx*zz*) £ f(yy*zz*) for all z € A.

(Note that condition (2) is automatically satisfied if (1) holds for all x € 4.)

In §2 we show that if fis a quasi-unitary positive linear functional on a com-
mutative x-algebra A4, then x — 7,=[U,] is a x-representation of 4 by permuting
(in general unbounded) normal operators, and if f is unitary, it is a fortiori quasi-
unitary. (For a precise definition of a *-representation of 4 by unbounded normal
operators cf. Theorem 2.)

The main result of this paper is Theorem 4 of §3 which states that Godement’s
theorem remains true mutatis mutandis if unitary is replaced by quasi-unitary and,
in addition, the positive linear functional f satisfies the following separability
condition (d):

There exists a countable subset D of A4, such that for every x € 4 there exists a
y € A, which is a polynomial with complex coefficients in finitely many elements of
D such that

f(xx*zz*) £ f(yy*zz*) forall ze A.

This condition is satisfied if f is unitary, if we take for D={e}.

Thus Theorem 4 includes Godement’s theorem as a special case, but it also
yields the integral representation of the nonunitary positive linear functional of the
example given above. Other examples should not be difficult to construct.



1967] POSITIVE LINEAR FUNCTIONALS 463

2. x-representation. Let 4 be a commutative x-algebra and f a positive linear
functional on 4. We denote by A, the -algebra obtained from 4 by adjoining an
identity element e to A4, if A does not have an identity element. If 4 does have an
identity element, we set A,=A. Let T,=[U,], where U, is the operator in H,
defined in the introduction. Then f(xyz*)=(T,y,|z,) for all x, y, and z in A.

LeEMMA 1.
Zlf((xx*)n)—mn =00 < Zl S(Gex)Pm) =1 = oo,

Proof. That >7_; f((xx*)*™)~ %" =00 implies > -, f((xx*)") ~1/2"=c0 is obvious.
To prove the reverse implication we may assume without loss of generality that
f(xx*)=1, for if f(xx*)=0 then f((xx*)*)=0 for all n=1 by Schwarz’s inequality.
We assume, therefore, that f(xx*)=1. Then f((xx*)**1)?" is a nondecreasing
function of n= 1. Indeed,

S = fx(xect) S Syt = f(Geerfye.
Hence
f((xx*)2)ll2 é f((xx*)3)1/4.
Assume now that f((xx*)"+1)1/2n < f((xx*)" +2)H@+2_ then
f((xx*)n + 2) = f(xn + l(xx*n+ 2)) § f((xx*)n+ l)l/%f((xx*)n + 3)1/2

é f((xx*)n + 2)n/(2n + 2)f((xx*)n + 3)1/2.
Hence
f((xx*)n + 2)(n +2)/(2n+2) é f((xx*)n + 3)1/2

and therefore f((xx*)"*2)1/@n+2 < f((xx*)"+3)1@n+4  Hence, by finite induction,
S((xx*)"*1)12" is a nondecreasing function of n. It follows that

’21 S(Qex*)r*1) =12 = 00 = élf ((ex*)my=1ian=2 = oo,
and hence
ilf((xx*)"“)‘“z" = 0 = ilf((xx*)z”)'l"’" = oo,
Now, if M,>0 for n=1 and if p is an arbitrary but fixed real number, then

oo 1 (M)~ Y@+ converges if and only if > 7_, (M,)~Y'" converges (cf. [3, p. 106]).
Hence

and therefore

[\YE]

S =0 = S e = o

n



464 A. E. NUSSBAUM [September

THEOREM 2. Suppose there exists a subset A, of A such that

1. 52 fl(xx*")~ Y2 =00 for all x € Ay;

2. for every x € A there exists an element y € A, which is a polynomial with complex
coefficients in finitely many elements of Ao \V A§ such that

flxx*zz*) £ f(yy*zz*) forallze A.

Then x — T, is a x-representation of A by permuting (in general unbounded) normal
operators. That is, {T,}, x € A, are permuting normal operators (i.e., their resolutions
of the identity permute), Ty, y=[Tx+Ty], Toy=[T:T], Tox=[aT,]) and T,.=T} for
all x, y € A and complex numbers «.

Proof. We first observe that if condition 1 holds for a given x, then it also holds
for x;=Re x and x,=1Im Xx since

n

Sty = > (Z) feexgn-n)

k=0
and hence

f((xx®™ = f(x3) and  f((xx*)") = f(x3") foralln = 1.

Since U,.< UZ¥, it follows that T,.<T¥ for every x € A. Hence, if x is self-
adjoint, T, is a closed symmetric operator. To prove the theorem, it is sufficient to
show that (i) T, is selfadjoint for every selfadjoint element x in 4 and (ii) T, and T,
permute if x and y are any two selfadjoint elements of 4. Indeed, suppose that (i)
and (ii) hold. Let x be any element in 4. Then U,,.< U, U,.<T,T,.<T,T#. Hence
Tyoxr=UX.2>T,T¥, since T,T¥ is selfadjoint. But this implies that T, ,.=T,T%,
since Ty,. is symmetric. Similarly U, o=U, s, ST,.T,<T¥T,. Hence T,,.=U},.
OT*T, and therefore T,,.=T*T,. Hence T,T}¥=T}T,; ie., T, is normal for
every x € A. Suppose x and y are any two elements in 4. Write x=x; +ix,,
y=y,+iys, where x;, y; and x,, y, are the real and imaginary parts of x and y,
respectively. Now U,=U,, +iU,,<T, +iT,, and T, and T, are permuting self-
adjoint operators. Hence T, +iT, is a normal operator and T, =[U,]<T,, +iT,,.
But T, is normal as we have seen. Hence T, =T, +iT,. Similarly T, = Y,, +iT,,.
But T, , T,,, T,,, T,, are permuting selfadjoint operators by (ii). Hence T, and T,
permute. Moreover, T,,=[oT,] for U,,=eU, and hence T, =T, +iT_,,
=T, —iT,=T¥ . Now, T+ T, =T, +iT,,)+ Ty, +iT,,)=(Ty,+T,,) +i(T., +T,,)
STy wyy FiTay sy, =Tusy, for [T +Ty 1=Ty +y,, and [T, +Ty,]=T, 1y,
(Because Uy, +y, =U,, +U, =T, +T, and hence taking adjoints: T, .,
>T,, +T,,. But [T, +1T,,] is selfadjoint by the operational calculus for normal
operators. Hence [Ty, +T,,1=T,, +,,. Similarly, [T,,+7T,,]=T,,,,,.) From
T.+T,<T,,, and the fact that T,, Ty, T, ., are normal and T, and T, permute,
follows by the operational calculus for normal operators and the fact that a normal
operator is maximal (in the sense that it does not have a proper normal extension)
that [T,+7T,]=T,+y Finally, U,Uy=U, y, - xpy, +iUx v, +x,4,- Hence [U.U,]
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= Tx, vy —x2up T iTxl Yo +X2y; T,y But [Uny] =(Uny)** D(U;/k U;ck)* = U:*U:*
=T.T,. Hence T, T,<T,,. From this follows, since T,, T,, T,, are normal and T,
and T, permute—as above—that [T, T,]=T,,.

Let x now be the real or imaginary part of an element of 4, and y any element
of A4, then

IT2p/1? = [ ]12 = fxyy™) = fxE)VH((py*)?)He

and hence

D Ty 7tz D fxtm) e py*yR) e,
n=1 n=1

But >, f(x*")~12"=00 by condition | and the above remark and hence
. f(x*) 14" =00 by Lemma 1. Therefore

2. T2y, = co.
n=1

That is, every element of H; is a quasi-analytic vector for T, (for the theory of
quasi-analytic vectors cf. [11]). Hence T, is selfadjoint for every x which is the real
or imaginary part of an element of 4, by Theorem 2 of loc. cit. If x and y are the
real or imaginary parts of any two elements of A,, then T, and T, permute by
Theorem 6 of loc. cit.

Next, let x; and x, be any two selfadjoint elements of 4. Let x=x,+ix, and
choose, using condition 2, an element y € 4, which is a polynomial in the elements
ay, a,, ..., a,, a¥, a¥, ..., a¥, where a,, a,, . . ., a,, are elements of 4, such that

flxx*zz*) < f(yy*zz*) forall ze A.

Replacing a,, by Rea,+ilmay, k=1, 2, ..., m, we see that

i i
y= zcilmt,.yll R N

where yy, ..., y, are the real or imaginary parts of elements of 4, and the ¢; ...,
are complex numbers. We may assume that y is selfadjoint, for otherwise replace y
by y2+y2+e, where y,=Re y and y,=1Im y. For, if u=y?+y2, then

SOy*zz*) = f(31+y3)2z*) = (8P +2u+e)zz¥) = f((u+e)’zz*).

Finally, we may assume that the coefficients c;,...;, are real, for

+ y* _ «
y= y—‘zi = %Z (Cil"-in+ci1~‘i,.)yill e yp = Z (Re ciy“in)yill e

If w e 4,, we denote by U, the operator x — (wy), in H, with domain H;. Clearly
Uy=3c¢,..,Ust - UprcS e ... Tyt - Tar=V. Let {E(t)} be the resolution of
the identity of T, i=1, ..., n. Let k; be any nonnegative integer and E{*’ = E;(k;)
—E(—kj)and E,, ..k, =E¥’- - Ef.E(t)permutes with T, , Ty, Ty, . . ., Ty,

.....
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by Corollary 5 of [11]. Hence E,=E,
T,,...,T,, and hence with V. Now,

k»y permutes with T, , T, T,=[U,],

.....

EU, € EV < Y ¢y (T ES<P) - - - (T, E{w)n < VE,

and T, E®*’ is a bounded selfadjoint operator which permutes with T, Ef*s, for
j=1,..., n. Hence VE, is a bounded selfadjoint operator and therefore

TyEk = (EkUy)* = VEk.

Hence T,E,=VE, and therefore T,E, is a bounded selfadjoint operator.
Now,

Slex*zz*) = f((2+x3)2z%) = |Te, 2,2+ [Ty, |1 < f(yy*2z*) = [Toz,]%.

That s, | Ty, z; |2+ | Tx,2,|% < | Tyz,|? for all z; € Hy. It follows that D(T,) = D(T, ),
D(T,)< D(T,,) and

[T, ull2+ || Teyul|? < |Tu|? for all u e D(T,).

Hence |T,, Ewu|*+||T,,Eu|®<||T,Eu|?< || T,E||?|ul® for all ue H, Hence
T, E; and T, E, are bounded. From this and the fact that E, permutes with T,
and T,, and E, — I as k;, -, ..., k, = oo, follows by standard Hilbert space
methods that T,, and T,, are selfadjoint. It can also be seen as follows:

| T2, Eull = (T, E)"ull < | T, Ee|"|u]
and similarly
| T, Ecut| £ |Tx,Ec|"|u| forall ue H, and all k.

Hence every vector of the set D={E,u | u € H,, all k} is a quasi-analytic vector for
T,, and T,,, respectively. Since D is dense in H, it follows from Theorem 2 of [11]
that T,, and T, are selfadjoint.

Finally,

(B UR UL 2 TR T E, © (T, E)"(To, E)"
and therefore (E Up,2)* =T%,Tx, E.. Similarly,
(Eka'l"xg)* = (Ekagx’l")* = Ta’can;clelc'

Hence T} T, E,. =T, TY E, for all nand m=1 and all k. Hence T3 T3, u=T%,T¢, u
for all ue D and n and m2 1. Hence T,, and T,, permute by Theorem 6 of [11].
(That T, and T, permute follows also by standard Hilbert space techniques from
the fact that E, reduces T, and T, respectively, to bounded permuting selfadjoint
operators and the fact that E, — I as k; > 0, ..., k, — ©.)

DEFINITION 1. A positive linear functional f on a commutative x-algebra A will be
called quasi-unitary, if there exists a subset A, of As such that conditions 1 and 2 of
Theorem 2 hold.
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PROPOSITION 1. Every unitary positive linear functional on a commutative %-algebra
is quasi-unitary.

Proof. Let f be a unitary positive linear functional on a commutative -algebra
A. Let x be any element in 4, then f((xx*)") £ M, f((xx*)*~1) for all n =2 and hence

S((xx*™) = MZ~Yf(xx*) foralln 2 1.

Hence >7_; f((xx*)")~Y2"=00. To satisfy conditions 1 and 2 of Theorem 2 we
may therefore take 4,=A4. However, it is sufficient to take 4,={x,}, where x, is
an arbitrary element in 4, for we may choose for x € 4 the element y in condition 2
to be M}'2e, which is a polynomial in x, and x¥.

The positive linear functional which we have considered in the introduction is
quasi-unitary, but not unitary (as we have seen). Indeed, let 4,={¢}. Then

[t = f t2re-ltl dr = 2f t?e~tdt = 2(2n)! < 2(2n)*";
© 0

that is, f(¢2")<2(2n)?" for all n=1. Hence >3, f(1?")~Y2"=c0. Condition 2 of
Theorem 2 is obviously satisfied, for every element in 4 is a polynomial in .

3. Integral representation of quasi-unitary positive linear functionals. Let fbe a
quasi-unitary positive linear functional on a commutative *-algebra 4 and x — T,
the corresponding *-representation (cf. Theorem 2). Let R be the bi-commutant of
{T, | x € A}, then R is the von Neumann algebra generated by the spectral pro-
jections of the normal operators {7}, x € 4. Let T — T be the Gelfand representa-
tion of the C*-algebra R onto C(IM)—M is the spectrum of R. Let C(IM) be the
algebra of continuous functions on 9t which are co only on a nowhere dense set.
(If f and g are elements of C(I), then fg and f+g are defined to be the unique
elements in C(IM) such that ( fg)(x)=f(x)g(x) and (f+g)(x)=f(x)+g(x), respec-
tively, except on a set of the first category (cf. [S]and [10]).) Let E(o) be the spectral
measure of R. If T e C(M), let T be the normal operator (in general unbounded)
T= [y T(M) dE(M). (u € D(T) if and only if [, |T(M)|>d| E(M)u|?<c0.) Let R be
the set of all normal operators {T | T € C(3)} and define the sum and product of
any two operators T and S in R to be [T+ S] and [TS], respectively. R together
with these operations and the usual operations of multiplications by scalars and
adjunction is a commutative *-algebra and the mapping T — T is a *-isomorphism
of C(M) onto R (cf. loc. cit.). Now, T, € R for all x € 4, (the proof is the same as
that of Theorem 4 in [10]), and hence x — T, is a *-homomorphism of A, into
C(M) and

fevz®) = Topilz) = [ 1) dEM 1)
for all x, y, and z in 4. We denote by u,, if x € A, the Radon measure which for

every Borel set o <9 is defined by p,(0)=| E(o)x/||2. If x € 4,, let S, be the set of
all M such that |T,(M)|=c0. S, is nowhere dense and hence E(S,)=0 (for £(S,)
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is the characteristic function of @ (cf. [10, p. 134])) and therefore u,(S,)=0 for all
y € A. Therefore T is finite u,-a.e. for every y € 4. Now, for every x and y in A4
and T e C(M),

|| TOOITOI? desdt) = AT
— IT.T2yy) = [ TODITLM)P din00)

and hence |T,(M)|? du (M) =|T(M)|? du,(M) for all x and y in 4.

Let X be the set of M € M such that T,(M)+#0 for some x € 4. X is an open
subset of M and hence locally compact. Let v, be the restriction of the Radon
measure u, to X and denote the restriction of a function T e C(3) to X by T.
(In this note we follow Bourbaki’s approach to measure theory [1], [2].) Then
| T (M)|? dv(M)=|T,(M)|? dv,(M) for all x and y in A.

THEOREM 3. There exists a positive Radon measure v on X such that T, € L2(v)
and dv (M) =|TAM)|? du(M) for all x € A and f(xyz*)= [y Try.{(M) dv(M) for all
x,y,and z in A.

Proof. If K is a compact set in X, then there exists an x € 4 such that T,(M)#0
for all M e K. Indeed, if M € K, there exists an element y=y, € A such that
T,(M)+#0. Hence there exists an open neighborhood U, of M on which T, does
not vanish. Since K is compact, there exist finitely many such U, : U,,i=1,2,...,n,
such that K<\, U,,. Let x=y,y¥+y.y%+ - - +y,y%, then T(M)=|T, (M)|?
+|T,,(M)|2+ - - - +|T,,(M)|? for all M € X (equality holds for all M because the
sum of the right-hand side is everywhere continuous) and hence T,(M)>0 on K.

Let Cyo(X) be the vector space of complex-valued continuous functions on X
with compact support. If ¢ € Coo(X) and o, is the support of ¢, we choose an
element x € 4 such that T,(M)#0 on o,. Then ¢/|T,|2 € Coo(X) (¢/|T|? denotes
the function which is equal to (M)/|T,(M)|2 for M € o, and 0 for M ¢ o,) and
set v(p) = [ (¢/ |T|?) dv.. The definition of v is independent of the particular choice
of x, for if y is another element in A such that T,(M)#0 on o,, then

2, = (M) dv, (M) = o(M) |T,(M)I* dv (M
7= [ Faop @00 = [ Fann Fons &)

_ f (M) |T(M)|?

= = v, (M) = o(M) av, (M) = ..Ldvy.
RGO F G0 0 = | o = [

0 ITII(M)IZ

Now, v(p) 20 if =0 and hence v is a positive Radon measure on X.
Let N.={Me X | T.(M)=0}, then v,(N,)=0. Indeed, if C is a compact subset
of N, choose y € A such that T,(M)#0 on C. Then

[ 1500 b0 = [ T0n1 dyon) = o,
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and therefore v,(C)=0. Hence v,(N,)=0. We assert also that »(S,)=0. Indeed,
for every integer n>0 let G,={M € X | |T,(M)| >n}, then G, (closure of G, in X)
is clopen and compact and hence

=~ _ v M) _ f(xx*)
uS,) < uG,) = fa" FOnE S 7

Therefore »(S,)=0.

Let ¢ € Cgt(X) (nonnegative real-valued elements of Cyo(X)) and x € A. For
every integer n>0 let o,={M € X | l/n<|T(M)| <n}. &, (closure of o, in X) is
clopen and contained in {M e X | 1/n<|T(M)|<n} and therefore is compact.
Hence

[, w00 don) = [ o) DL 1) = [: DT 0] i)

Letting n — oo we obtain

| W(M) o) = | (M) To(M)|? dA(M)
X—-(SxUNy) X~(SxUNx)

by the monotone convergence theorem. But v, (N,)=v.(S,)=+(S,)=0 as we have
seen. Hence

| o o) - [ saniTonp s,

Therefore [, p(M) dv (M) =], o(M)|T-(M)|? dv(M) for all ¢ € Coo(X); that is,
dv (M)=|T(M)|? d(M) (and therefore T € L*()).

Finally, let x and y be arbitrary elementsin 4 and A, ={Me X | 1/n<|T(M )| <n,
1/n<|T,(M)| <n}. Then A, is clopen and compact and

fz T(M) dvy(M) = fz T.(M)|T,(M)|? d(M) = f_ Toyo(M) d(M).

An

Now T, € L(v,) and T,,,. € L(v) since T, and T,,. belong to L*(»). Hence, letting
n — co we obtain

fx (M) dv,(M) = fx T oyue(M) (M)
by Lebesgue’s dominated convergence theorem and the fact that »(S,)=v(S,)
=v,(Ny) =v,(S,) =0. But f(xyy*)=[y T.(M) dv,(M). Therefore
FCyy®) = fx Ty (M) do( M)
and hence, using the identity

SGxyz*) = HG(+2)(y+2)%) —f(x(y —2)(y = 2)*) +if (x(y + iz)(y + i2)*)
—if(x(y—iz)(y—iz)*)}
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we obtain

fepz*) = f T.,.(M) d(M) forallx,y, and z in 4.
X

CoROLLARY 1. If N is a v-measurable subset of X such that v, (N)=0 for all
x € A, then N is v-locally negligible.

Proof. We first observe that if N is a v-measurable set, then N is v,-measurable,
because N— N, is v-measurable (since N, is closed) (cf. [1, p. 43]). Let C be a
compact subset of X and N a v-measurable set such that »,(N)=0 for all x € 4.
Choose an element y € 4 such that T,(M)#0 on C. Then

0=w(CnN) = [ TG0 dian)

and therefore »(C N N)=0.
Let S={J e S, Where S, is as above the set of M € X such that |T,(M)|=co.
We shall give a sufficient condition for S to be v-locally negligible.

LeEMMA 2. If f satisfies the additional condition (d): there exists a countable subset
D of A, such that for every x € A there exists a y € A, which is a polynomial with
complex coefficients in finitely many elements of D such that

f(xx*zz¥) < f(yy*zz*) forallze A,
then § is v-locally negligible.

Proof. We shall show that if f satisfies condition (d), then S={J,ep Sx. Indeed,
let x be an arbitrary element in 4 and y be an element in 4, which is a polynomial
in finitely many elements of D such that f(xx*zz*) < f(yy*zz*) for all z € 4. This
inequality is equivalent with the inequality |T,u|=<|7T,u| for all ue H;. This
implies that D(T,)< D(T,) and |T,u| £||T,u| for all u e D(T,), since T, and T,
are the closures of their restrictions, respectively, to H;. This implies in turn that
|T«(M)| < |T,(M)] for all M € M. Indeed, suppose that |T',(My)| > |T,(M,)|. Then
|T,(M,)| < oo and hence there exists a clopen neighborhood ¢ of M, and a positive
number e such that |T.(M)|2> |T,(M)|?+e for all M € 0. E(0)#0 since o # . We
may therefore choose a nonzero vector u in the range of E(s) and since T, is
bounded on o it follows that u € D(T,) < D(T,) and hence

T = [ 1100 diEGOW? = [ IT0I dIEM?

> f (T, (M) +¢) d|EMul? = |Tyu)?+e|ul>.

This is a contradiction. From the fact that |T,|<|T,| follows that S,<S,. But
clearly S, <U.ep S.(?). Hence S<|,.p S, and therefore S=,cp S..

(®) For Sy4+y<Sx U S, and S,, =S, U S, (cf. [10, p. 136]).
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Since D is a countable set and every S, is nowhere dense, it follows that S is a
set of the first category in 9. But in M every set of the first category is nowhere
dense (cf. [10] or [1, p. 65]). Hence S is nowhere dense in M and therefore the
closure S of S in M is nowhere dense in M. Hence p,(S™)=0 for all x € 4 (for
E(S™)=0). Hence »,(5)=0 for all xe 4 (S denotes the closure of S in X) and
therefore S is v-locally negligible by Corollary 1.

ReMARK. If f is unitary we know a priori that S= @, since the operators T,
are bounded in that case. But f clearly satisfies also condition (d) (cf. Introduction).

We are now ready to prove the main theorem which is an extension of Theorem 1
of R. Godement.

THEOREM 4. Let f be a positive linear functional on a commutative x-algebra A.
If f is quasi-unitary and satisfies condition (d), then there exists a positive Radon
measure p, on a locally compact subset o, of A such that

(@) %(x)=x(x) belongs to L*(u,) for every x € A;

(b) f(xyz)=‘fal x(xyz) duy(x) for all x, y, and z in A.

If, furthermore, f is extendible, then p, is a finite measure and

£69 = [ x00) diss)
ar
for all x in A.
Proof. By Theorem 3 and Lemma 2

fyz) = f T.,.(M)d/(M) forall x, y, and z in 4,
.

where X'=X—38, T, is the restriction of T, to X’ and v’ is the restriction of the
Radon measure v to X’ (X’ is an open subset of X and hence locally compact).
The mapping x — T(M) is a unitary character of A4 for every M e X', since
x — T, is a *-homomorphism of 4 into C(M). Let ¢ be the mapping of X’ into 4
which maps M into T(,(M). ¢ is continuous because M — T,(M) is a continuous
mapping on X' for every fixed x € 4.

Let o, =@(X"). o, is locally compact, for if ¢(Mo)=T(,(M,) € o, let x, be an
element of A such that T, (M,)#0, e=|T, (M,)|/2 and

N ={x e°f| [x(x0) = Ty (My)| £ &}
N is clearly a neighborhood of ¢(M,) and
N =o¢ YN)={MeX'||T:\(M)-T; (M) < ¢}

N is a compact neighborhood of M, for {M e M| |T,,,(M)—T, (Mo)| <S¢} is a
compact neighborhood of M, in M and N={M e M ||T, (M)—T. (M) <e}.
Since ¢ is continuous and N=¢(N), it follows that N is compact.

Next, we show that ¢ is a proper mapping; that is, if C is a compact set in oy,
then ¢~1(C) is a compact set in X'. Let C be a compact set in o, and K=¢~(C).
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Since C is compact, there exists by what precedes a finite number of compact
neighborhoods Ny, N,, ..., N, of points in C such that ¢~ }(N;)=N, is compact
for i=1,2,...,n, and C<\J}_, N;. Hence K<\ J-, N.. Since K is closed and
U, N; is compact, it follows that K is compact.

Let now p, be the image of the Radon measure »" under o (i.e. u, is the Radon
measure on o, defined by [, .8 du,=[y. (g o ¢) &' for all g € Cyo(o;)) then

flxyz) = f x(xyz) du(x) for all x, y, and z in A4.
as

That £(x) = x(x) belongs to L2(u,) follows from the fact that T, € L?(»") by Theorem
3 for every x € A.

Finally, if f is extendible, let f be the positive linear functional on 4, which
extends f. We may assume that f#0, for otherwise the assertion of the theorem is
trivially true. It is easily seen that fis quasi-unitary. Let x — T, be the *-representa-
tion of A, corresponding to f (cf. Theorem 2). Then

f) = J(x) = @Taefler) = fm T(M) du(M)

for all x € A, where u(c) = | E(c)ef || 2. Clearly p is a bounded measure and T, € L?(u)
for all x € A. It is easily seen that f satisfies condition (d) and hence S is p-locally
negligible. Let X be the set of all M in M such that 7(M)+#0 for some x € 4.
X is an open subset of M and hence X’ = X — S is an open subset of M and therefore
locally compact. Let—using the same notation as above—T, be the restriction of
T.to X’ and v’ the restriction of the Radon measure u to X', then

fx) = LI TUM) dv'(M) for all x € A.

Let as above ¢ be the mapping of X’ into 4 which maps M into T/,(M). The rest
of the proof is identical with the preceding argument and we obtain the formula

f) = f %) du) for all x € 4,

where p, is a bounded measure on o, (as the image under ¢ of the bounded measure
V).

REMARK: If fis unitary, then the functions X(x)=x(x) are bounded on o,. In
fact, in that case |%(x)| S M, for all x € o,. If fis not unitary but quasi-unitary and
satisfies condition (d), then the functions X are not in general bounded on ;.
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